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Abstract
We propose a class of toric Lagrangian A-branes on the resolved conifold that is suit-
able to describe torus knots on S3. The key role is played by the SL(2,Z) transformation,
which generates a general torus knot from the unknot. Applying the topological vertex
to the proposed A-branes, we rederive the colored HOMFLY polynomials for torus knots,
in agreement with the Rosso and Jones formula. We show that our A-model construction
is mirror symmetric to the B-model analysis of Brini, Eynard and Marin˜o. Comparing to
the recent proposal by Aganagic and Vafa for knots on S3, we demonstrate that the disk
amplitude of the A-brane associated to any knot is sufficient to reconstruct the entire B-
model spectral curve. Finally, the construction of toric Lagrangian A-branes is generalized
to other local toric Calabi-Yau geometries, which paves the road to study knots in other
three-manifolds such as lens spaces.
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1. Introduction
Since its discovery, the remarkable relation [1] between the observables of Chern-
Simons gauge theory on the one hand and knot invariants on the other hand has opened
a new window to both physics and mathematics. The realization of Chern-Simons theory
as an open A-model topological string theory [2], and its relation to a large N dual closed
A-model topological strings [3] have further enriched the relationship between the realm of
topological strings and knot theory. According to [4], insertion of Lagrangian probe branes
promotes the large N duality picture to incorporate knots and links in the geometry as
well. More precisely, one first associates to each knot K in S3 a Lagrangian brane LK
in the target space T ∗S3. After the large N transition, one ends up with a priori new
Lagrangian brane L˜K in the resolved conifold geometry. The conjecture of [4] predicts that
the open-string partition function of the resolved conifold in the presence of L˜K encodes
the invariants of the knot K in S3. Incorporating M-theory into the picture [5], one of the
striking consequences of [4] is the explanation of the integrality of the Jones polynomial.
The equivalence between knot invariants and the topological string amplitudes has
thoroughly been verified for the framed unknot and the Hopf link (for a compact review
see [6] and references therein). Recently, a lot of effort has been devoted to verify the
conjecture of [4] beyond the case of unknot. The complication to complete this task is
twofold. First, for each knot K, one needs to construct the Lagrangian submanifolds LK
and L˜K precisely. Initial progresses to address this issue for the case of complex algebraic
knots have appeared in [7,8,9]. However the delicate construction of the Lagrangian cycles
LK and L˜K, corresponding to algebraic knots, has recently been performed in [10]. The
second complication in verifying the conjecture of [4] is actually to compute the open-
string amplitudes corresponding to the Lagrangian cycle L˜K, with the current techniques
of topological string theory. In certain situations where one has extra symmetries in
the geometrical setup, one might be able to perform the computation of the topological
amplitudes. It has been shown in [10] that for the case of torus knots, the existence of
a torus action allows one to employ the localization techniques of [11,12] to compute the
open-string amplitudes of the constructed Lagrangian cycle to reproduce the HOMFLY
polynomial of torus knots, in agreement with the Rosso and Jones formula [13].
In virtue of mirror symmetry, in order to avoid the complications of dealing with
Lagrangian cycles, torus knots have also been studied from the B-model point of view
[14,15]. In the approach by Brini, Eynard and Marin˜o [14], the key role is played by the
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SL(2,Z) transformation acting on a choice of local B-model coordinates, so as to arrive
for each torus knot Kr,s at a spectral curve. The relevant SL(2,Z) action maps to the
SL(2,Z) transformation in the Chern-Simons theory that generates the torus knot Kr,s
from an unknot [14]. Since all these spectral curves are effectively of genus zero, applying
the topological recursion techniques [16,17] are feasible, which enables the authors of [14] to
rederive the colored HOMFLY polynomials of torus knots Kr,s in a closed form. However,
this approach is tailored for torus knot Kr,s and does not seem to generalize to more general
knots on S3. Aganagic and Vafa have recently put forward a proposal [15], which — at
least in principal — provides for a framework to arrive at the B-model spectral curves for
any knot on S3. These spectral curves are suitable to capture directly the moduli space of
the Lagrangian A-brane associated to any knot K on S3. The authors derive these spectral
curves from the set of HOMFLY polynomials colored with symmetric representations, and
it is observed in [15,18] that these curves correspond to the augmentation polynomials of
the knot K on S3 [19].1
In this note, we aim for implementing the symplectic transformation considered in
[14] directly in the A-model picture. To achieve this, we first construct a Lagrangian cycle
in the deformed conifold, which has the topology T 2 × R. A torus knot Kr,s on S
3 can
now be obtained by performing a symplectic transformation on the (1, 0) cycle of torus of
the constructed Lagrangian. After the large N transition, for generic values of the open
moduli, we find a toric Lagrangian in the resolved conifold with the same topology. We
then degenerate the dual cycle of the knot and this results in placing the Lagrangian on one
leg of the toric skeleton. In order to compute the open topological amplitudes associated to
the new Lagrangian cycle, we apply the topological vertex [21], and eventually reproduce
the colored HOMFLY polynomial of the corresponding torus knot. We argue that the
topological vertex approach to torus knots Kr,s on S
3 also generalizes to study knots on
more general three-manifolds such as lens spaces.
Using local mirror symmetry, we recognize that the constructed Lagrangian A-branes
are mirror-symmetric to the spectral curve of [14], which describes torus knots on S3. We
compare these spectral curves of [14] to the spectral curves appearing in [15]. The former
spectral curves are feasible to apply topological recursion relations [16,17], since they are
effectively of genus zero. However, as we explain — compared to the latter spectral curves
1 The correspondence between spectral curves and augmentation polynomials has also recently
been explored for torus knots K2,2p+1 in [20].
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in [15] — the spectral curves of [14] are of rather of auxiliary type, which makes it difficult
to generalize them to arbitrary knots K on S3. We argue that in order to construct
the spectral curves proposed in [15], which in principal directly describe the quantum
moduli space of the Lagrangian A-branes LK associated to any knot K, it is sufficient to
know the disk amplitude of the A-brane LK. We demonstrate this procedure by explicitly
constructing spectral curves of torus knots from their disk amplitudes. As proposed in
[15,18] the calculated spectral curves are in agreement with the augmentation polynomials
of the described torus knots on S3 [19].
We proceed as follows. In section 2, we construct the Lagrangian cycles describing
torus knots in the deformed and resolved conifold geometries. In section 3, we apply the
topological vertex to compute the open-string amplitudes of our proposed toric Lagrangian
in the resolved conifold, and rederive the Rosso and Jones formula — that is to say the
colored HOMFLY polynomial of a torus knot Kr,s as a decomposition in terms of the
usual quantum dimensions. In section 4, we first briefly review the basic aspects of the
B-model approach delivered in [14]. Guided by mirror symmetrywe realize that the new
toric Lagrangian cycle corresponding to a torus knot Kr,s in the resolved conifold is mirror-
symmetric to the spectral curve derived in [14]. We show how the mirror curves of torus
knots obtained in [14] and [15] are related, and we demonstrate that the spectral curve
of [15] can be constructed merely by the knowledge of the genus zero disk instantons.
In section 5, we show how our construction generalizes to other toric geometries, which
are in particular helpful for studying torus knots in lens spaces. We conclude in section
6. Appendix A concerns a technical detail about Adams operation, and we explicitly
represent the spectral curve of the torus knot K3,5 in appendix B.
2. A-model
In this section, we describe in the torus knots on S3 in terms of non-compact La-
grangian probe branes on the deformed conifold T ∗S3. In particular we are interested
in the effect of SL(2,Z) transformations acting upon these probe branes as the deformed
conifold undergoes a large N transition to the resolved conifold O(−1) ⊕ O(−1) → P1.
From this process, we conclude that any non-compact probe Lagrangian on T ∗S3 — which
is associated to a torus knot on S3 — enjoys a description in terms of a multi-sheeted
cover of the toric non-compact Lagrangian on O(−1) ⊕ O(−1) → P1, which is associated
to the unknot. Due to the multi-sheeted-covering property, we argue that any torus knot
may effectively be described in terms of the toric non-compact Lagrangian of the unknot
with an appropariatly chosen and apparently fractional framing.
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2.1. Lagrangian Branes from Torus Knots
In order to describe torus knots on S3 in the resolved conifold geometry O(−1) ⊕
O(−1)→ P1, we briefly recall their origin in the deformed conifold geometry T ∗S3 via the
large N transition [4,7]. Given a knot K on S3 we construct a three-dimensional (non-
compact) special Lagrangian K×R2 by extending the knot on K into the cotangent bundle
of S3 such that it becomes a special Lagrangian of topology K × R2 [4,7,8]. The relevant
Wilson loop observables arise at the intersection K of a stack of N branes on S3 and the
probe brane on K × R2.
To describe a large N transition, we move the probe brane along the cotangent di-
rection of S3, such that this displaced probe brane does not intersect the zero section of
T ∗S3 anymore [7,10]. As a consequence, in the large N transition to the resolved ge-
ometry — which arises from an extremal transition that is topologically described by a
surgery operation in the vicinity of the zero section of T ∗S3 — the displaced probe brane
remains unaffected, and therefore we arrive at a Lagrangian brane of topology K × R2 in
O(−1) ⊕ O(−1) → P1. This probe brane is also displaced from the zero section of the
resolved conifold fibration.
To describe the torus knot Kr,s with the topological vertex formalism, we employ a
similar strategy. We view the base S3 in T ∗S3 as a fibration of a two-torus over an interval,
where the two one-cycles, which correspond to the (1, 0)- and (0, 1)-cycles, degenerate at
the respective boundaries of the interval as depicted in Fig. 1. The central fiber of such
a fibration is extended in T ∗S3 to a (non-compact) Lagrangian L of topology T 2 × R as
depicted in Fig. 1. The torus T 2 of L comes with a symplectic basis (ϑ1, ϑ2) of one cycles
generating H1(T
2,Z). The one-cycle represented by the homology class ϑ˜1 = r ϑ1 + s ϑ2
describes a torus knot Kr,s in S
3, which we use to construct a probe brane Kr,s × R
2.
As discussed in ref. [22], we can alternatively arrive at such a probe brane Kr,s × R
2 by
picking a component that arises from degenerating the Lagrangian L in such a way that a
one-cycle ϑ˜2 dual to r ϑ1 + s ϑ2 becomes trivial.
Note that for the local Calabi-Yau threefold T ∗S3, we focus here on a situation where
a pair of symplectic dual one-cycles of T 2 — e.g., a (1, 0)- and (0, 1)-cycle — degenerates
at the boundary of the base interval, respectively. This construction generalizes to other
sets of generating pairs of H1(T
2,Z), i.e., two generators that do not necessarily furnish a
symplectic basis with respect to the intersection pairing. We return to this aspect in detail
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in Section 5, where we explain that such a generalization is suitable to describe torus knots
on Lens spaces.
T 2 × R
S1 × R2
ϑ1
ϑ2
S3
Fig. 1. The left drawing depicts the three sphere as a T 2-fibration over
the interval, which is the compact part of the deformed conifold T ∗S3. In
this fibration the symplectic dual one cycles ϑ1 and ϑ2 degenerate at the
left and right boundaries, respectively. The central T 2-fiber gives rise to
a central fiber Lagrangian brane of topology T 2 × R. The right drawing
shows the toric skeleton of the resolved conifold O(−1) ⊕ O(−1) → P1
together with the Lagrangian brane of topology T 2×R, which upon a large
N transition is associated to the central fiber brane in T ∗S3. Its open-
string moduli can be tuned such that it degenerates into two components
of topology S1×R2 with one component also shown in the right diagram.
Returning to the local Calabi-Yau threefold T ∗S3, in order to analyze torus knots in
the resolved conifold geometry, we perform again a large N transition. Now we displace the
Lagrangian L into the cotangent direction of T ∗S3 such that it again remains topologically
unaffected by the transition, and we obtain a special Lagrangian cycle T 2×R in the resolved
conifold geometry as depicted on the right hand side of Fig. 1. In the resolved conifold
the resulting special Lagrangian cycle T 2 × R enjoys a toric description [22]. Explicitly,
the bulk geometry may be described by the usual symplectic quotient construction via the
charge vector P = (1, 1,−1,−1) and the associated moment map equation
|X1|
2 + |X2|
2 − |X3|
2 − |X4|
2 = Re t , (2.1)
where t is the complexified Ka¨hler modulus of the resolved conifold geometry. Then the
special Lagrangian cycle T 2 × R arises from the two charges p1 = (0, 1,−1, 0) and p2 =
5
(0, 0,−1, 1) inducing the momentum map equations
|X2|
2 − |X3|
2 = Re c1 ,
−|X3|
2 + |X4|
2 = Re c2 .
(2.2)
Here c1 and c2 are the complexified cycle moduli of T
2×R with the identifications c1 ∼ c1+
2πi and c2 ∼ c2+2πi. The periodic imaginary parts of the moduli c1 and c2 are identified
with the phases of the coordinates X2 and X4, respectively, which in turn parametrize
the two one-cycles ϑ1 and ϑ2 of the torus of the described special Lagrangian cycle. For
Re c1 > 0 and Re c2 > 0 the coordinates X2 and X4 never vanish on the Lagrangian brane.
However, in the limit c1 → 0 the Lagrangian T
2 × R degenerates into two components of
topology S1 × R2 [22], which are the special Lagrangian branes S1 ×R2 associated to the
unknot S1 ≃ K1,0. One of the Lagrangian components S
1×R2 embedded into the resolved
conifold O(−1)⊕O(−1)→ P1 becomes [23]
ϕK1,0(θ;R, χ) =
(√
Re t+Re c2 +R2 e
−iθ, R eiχ, R e−iχ,
√
Re c2 +R2 e
iθ
)
, (2.3)
where θ is the angular coordinate of S1 ≃ K1,0 and (R, χ) are polar coordinates of R
2.
The constructed Lagrangian (2.3) preserves the two S1-symmetries associated to both
the degenerating and the non-degenerating one-cycles. These two real symmetries rotate
the phases of the complex coordinates X2 and X4 independently, they arise from compact
parts of two toric C∗-symmetries of the toric variety O(−1) ⊕O(−1) → P1, and they are
essential in applying the topological vertex to the discussed geometry. For general torus
knots Kr,s with r > 0, s > 0 and r, s co-prime, we need to degenerate a one-cycle ϑ˜2 =
p ϑ1+q ϑ2 (with rq−ps = 1) of the Lagrangian cycle T
2×R dual to ϑ˜1 = r ϑ1+s ϑ2, so as
to obtain a special Lagrangian brane component Kr,s×R
2. Unfortunately, a degeneration
of the cycle ϑ˜2 while keeping the cycle ϑ˜1 non-degenerate is not possible in a C
∗-symmetry
compatible manner, as the cycles ϑ˜1 and ϑ˜2 are associated to the respective phases of the
real coordinates
√
r|X2|2 + s|X4|2 and
√
p|X2|2 + q|X4|2, which in a toric degeneration
vanish simultaneously.
Therefore, we employ an alternative construction. First, we act with an SL(2,Z)
transformation
M =
(
r s
p q
)
∈ SL(2,Z) , rq − ps = 1 . (2.4)
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on the brane charges
(
p1
p2
)
7→
(
p˜1
p˜2
)
=M
(
p1
p2
)
and arrive at the charges p˜1 = (0, r,−r−
s, s) and p˜2 = (0, p,−p− q, q) for the momentum map equations
r|X2|
2 − (r + s)|X3|
2 + s|X4|
2 = Re c˜1 ,
p|X2|
2 − (p+ q)|X3|
2 + q|X4|
2 = Re c˜2 ,
(2.5)
with the moduli c˜1 ∼ c˜1 + 2πi and c˜2 ∼ c˜2 + 2πi. For generic values Re c˜1 and Re c˜2 the
resulting Lagrangian has topology T 2×R and retracts to the compact torus T 2. ForX3 = 0
on the Lagrangian (2.5) we readily identify the holonomies of c˜1 and c˜2 with the phases of
the real coordinates
√
r|X2|2 + s|X4|2 and
√
p|X2|2 + q|X4|2. Thus, due to the SL(2,Z)-
transformation the two relevant one-cycles become manifest, because the imaginary part of
c˜1 captures the holonomy around the knot Kr,s associated to the one-cycle ϑ˜1 = r ϑ1+s ϑ2,
whereas c˜2 describes the holonomy around the dual one-cycle ϑ˜2 = p ϑ1 + q ϑ2.
For the description of a probe brane Kr,s×R
2 of the torus knot we could try to describe
a non-toric deformation of T 2 × R such that the dual one-cycle ϑ˜2 degenerates. However,
in order to arrive at a formulation that is more suitable for the topological vertex, we view
T 2 × R as an auxiliary Lagrangian cycle, which allows us to construct a probe brane of
topology L˜ = {p}×Kr,s×R
2, where p is a point on the one-cycle ϑ˜2 while the knot Kr,s is
identified with the one-cycle ϑ˜1. Alternatively, we can think of this probe brane as arising
from two T-dualities along the cycle ϑ˜2 and a suitable second non-compact direction. For
the obtained probe brane L˜ the imaginary part of c1 describes the holonomy of L˜ along
the knot Kr,s, while the imaginary part of c2 parameterizes the position of the point p on
the dual one-cycle ϑ˜2.
To analyze the probe brane L˜ of interest, it is convenient to undo the SL(2,Z) action
on the level of the charges p˜1 and p˜2. As result we are required to act with the same inverse
SL(2,Z) transformation on the moduli c˜1 and c˜2. Then we arrive at
|X2|
2 − |X3|
2 = Re cˆ1 ,
−|X3|
2 + |X4|
2 = Re cˆ2 ,
(2.6)
with (
cˆ1
cˆ2
)
=M−1
(
c1
c2
)
=
(
q c˜1 − s c˜2
−p c˜1 + r c˜2
)
. (2.7)
To obtain in terms of the new open parameters cˆ1 and cˆ2 a probe brane of the correct
topology Kr,s × R
2 from (2.6), we take the limit cˆ1 = 0, which yields
cˆ2 =
1
s
c˜1 , c˜2 =
q
s
c˜1 . (2.8)
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Let us now pause to interpret these relations. Since the holonomy of c˜1 associated to
the knot Kr,s has periodicity 2π, the non-zero open-string parameter cˆ2 has periodicity
cˆ2 ∼ cˆ2+2πi s. As a result — at least on the level of topology — we can interpret the probe
brane L˜ as a s-sheeted cover of the unknot K1,0. This observation reflects the derivation
of the Rosso-Jones formula in the Chern-Simons derivation in ref. [13], in which one first
considers an s cable of the unknot (i.e. one winds s times around the cycle ϑ1 of the
boundary torus) and acquires s powers of the holonomy operator. In the next subsection,
we will see that the modified periodicity of the modulus also affects its apparent framing
of the Lagrangian (2.6). The second relation (2.8) simply states that the position of the
point p parameterized by c˜2 is correlated with the open-string modulus c˜1 accordingly.
2.2. Framing
As we realized in the previous subsection, in order to describe the Lagrangian probe
brane associated to the torus knot Kr,s, we constructed an s-sheeted cover of the toric
Lagrangian associated to the unknot. Since the imaginary part of the open moduli c˜1
and cˆ2 parametrize the Wilson loops around the torus knot Kr,s and the unknot K1,0,
respectively, we identify — as reflected in the identification (2.8) — the Wilson loop around
Kr,s with an s-fold Wilson loop around the unknot K1,0. Thus, we arrive at the idenfication∮
Kr,s
A˜ = s
∮
K1,0
Aˆ , (2.9)
where Aˆ and A˜ denote gauge connections along the respective Wilson loops.
In order to see the effect of the identification (2.9), let us review how the framing factor
arises [24]. In the computation of the vacuum expectation value of the holonomy operator
around a knot K, one encounters the expectation value of the composite operator (
∮
K
A)2
Tr(tatb)
∮
K
dxµ
∫ x
dyν〈Abν(y)A
a
µ(x)〉 =
2πi
k
dimGc2(G)ϕ(K) , (2.10)
where G is the Chern-Simons gauge group with generators ta and c2(G) is its second
Casimir operator. In (2.10), ϕ(K) is by definition the cotorsion of K and it is given by
ϕ(K) =
1
4π
∮
K
dxµ
∮
K
dyν ǫµνρ
(x− y)ρ
|x− y|3
. (2.11)
Although the cotorsion is well-defined and finite, it is, however, a metric dependent quan-
tity which is not invariant under deformations of the knot K. Therefore, the cotorsion
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cannot be a topological invariant of K. This problem can be cured due to the existence of
a degree of freedom [1] in defining the composite operator (
∮
K
A)2. The solution involves
a companion knot Kf which is constructed via a unit normal vector to the actual knot K
xµ(t) 7→ yµ(t) = xµ(t) + ε nµ(t) , (2.12)
where nµ(t) is a normal vector field (|n(t)| = 1) and 0 < ε ≪ 1. Now, instead of dealing
with ϕ(K), we can work with the following quantity which is constructed via the companion
knot Kf
ϕf (K) = lim
ε→0
1
4π
∫ 1
0
ds
∫ 1
0
dt ǫµνρ x˙
µ(s)y˙ν(t)
(x(s)− y(t))ρ
|x(s)− y(t)|3
= lim
ε→0
1
4π
∮
K
dxµ
∮
Kf
dyν ǫµνρ
(x− y)ρ
|x− y|3
= lim
ε→0
lnk(K,Kf ) .
(2.13)
In the second line of (2.13), we recognize that the Gauss integral is nothing except the
linking number between the actual knot K and its companion Kf . However, the linking
number
lnk(K,Kf ) =
1
4π
∮
K
dxµ
∮
Kf
dyν ǫµνρ
(x− y)ρ
|x− y|3
, (2.14)
is an integer and is independent of ε. Therefore, we can remove limε→0 from (2.13), and
the cotorsion ϕf (K) simply becomes
ϕf (K) = lnk(K,Kf ) , (2.15)
which is now a topological invariant. This integer which is defined via the choice of a
companion knot is known as the framing of the knot K.
Now, let us return to our discussion. Relating the holonomy of the torus knot Kr,s
to the holonomy of the unknot K1,0 according to (2.9), we immediately conclude that the
framings are also related accordingly, namely
ϕf (Kr,s) = s
2 ϕf (K1,0) . (2.16)
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(a) (b)
Fig. 2. Two examples of framing. The actual knot K is displayed by the
thick line and its companion Kf by the thin line.
For the torus knot Kr,s in S
3, there exists a natural framing that is given by the linking
number ϕnatf (Kr,s) = rs. This is also the framing to be used here, since the Rosso-Jones
formula [13] for torus knots applies to this natural framing. As a consequence, using the
natural framing for the torus knot, in terms of the framing of the unknot, we arrive at the
following identification
ϕnatf (K1,0) =
1
s2
ϕnatf (Kr,s) =
r
s
. (2.17)
Let us pause to interpret this result. Our analysis yields that the Lagrangian probe
brane Kr,s × R
2 on T ∗S3 associated to the torus knot Kr,s on S
3 enjoys an alternative
description in terms of the s-fold cover of the toric Lagrangian for the unknot. In order
to arrive at the most general possible integral framing for this s-fold covering space, we
allow 1
s
-fractional framings for the toric Lagrangian of the unknot. In particular, the
natural framing of the torus knot Kr,s maps to the fractional framing (2.17) of the unknot
K1,0. This fractional framing appears as a fractional twist of the torus knot operator
in the Chern-Simons theory [25], and fractional framings have also already appeared in
the context of open-string A-model localization calculations [26,27]. In our context, the
fractional framing of the unknot becomes integral again, once we consider Wilson loops
of Kr,s that are described in the physically relevant s-fold covering space of the toric
Lagrangian for the unknot K1,0.
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3. Topological Vertex and the Colored HOMFLY Polynomial
In this section, we proceed with the computation of open-string amplitudes in the
resolved conifold associated to the probe brane Lagrangian for torus knot Kr,s. These am-
plitudes calculate the HOMFLY polynomial of Kr,s. In the previous section we have given
an equivalent description for the probe brane of Kr,s in terms of toric Lagrangians on the
resolved conifold. In this section, we use this result to put forward an extended application
for the topological vertex that is suitable to calculate such open-string amplitudes.
In relating the probe brane Lagrangian for the torus knot Kr,s to the unknot, we
related in (2.8) the open-string moduli of the probe brane Lagrangian to the open-string
modulus of the toric Lagrangian (2.6) with the explained adjusted periodicity of the imag-
inary part. In the topological vertex, the open-string modulus has been absorbed in the
holonomy matrix, and taking the adjusted periodicity (2.8) into account amounts to the
replacement
VK1,0 = V˜
1
s
Kr,s
, (3.1)
where V˜Kr,s is the holonomy matrix for the disk ending on the Lagrangian cycle describing
the torus knot Kr,s. To ease notation, we also denote this holonomy matrix simply by
V. Since the holonomy matrix now appears in the open-string amplitudes with fractional
powers, this implies that the full open-string amplitude contains fractional winding. How-
ever, only amplitudes with integral windings are physical and we need to extract those
integral winding amplitudes.
In order to extract the integral winding contributions, we recall that the trace of a
holonomy matrix U in the winding basis is given by [21]
Tr~kU =
∞∏
j=1
(
trUj
)kj
. (3.2)
The open-string partition function corresponding to the insertion of the special Lagrangian
cycle (2.6) on an outer leg of the toric skeleton of the resolved conifold (as depicted in Fig. 3)
has the following structure
Z =
∑
~k
1
z~k
Z~k Tr~kVK1,0 , (3.3)
where z~k =
∏
j kj! j
kj . Here, we have written the sum in the winding basis over all possible
windings ~k = (k1, k2, k3, . . .). Thus in order to achieve integral windings in terms of the
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holonomy matrices V = V˜Kr,s , we consider only winding states whose winding vector has
the following form
j = 1 j = 2 j = s j = s+ 1 j = 2s
~k(s) = ( 0 , 0 , . . . k1, 0 , . . . k2, . . .) .
(3.4)
Note that the entries at positions j = ℓs for ℓ = 1, 2, 3, . . . in the above winding vector ~k(s)
represent the physical states, as they give rise to an integral holonomy matrix. The re-
maining entries of the winding vector have to be set to zero in order to avoid non-integral
holonomy matrices for unphysical states. This reflects the fact that the Lagrangian for the
torus knot Kr,s is described by the s-sheeted cover of the toric Lagrangian for the unknot.
Therefore, a holonomy one-cycle on the unknot Lagrangian lifts only to closed loop on the
relevant s-sheeted covering Lagrangian, if it winds a multiple of s times. This explains
geometrically the selection rule for physical states appearing in winding vector (3.4).
The interpretation of the B-model SL(2,Z) action in the A-model leads to open string
amplitudes with fractional windings and framings. Open string amplitudes have been
calculated in the A-model using equivariant localization with an insertion of descendent
operators which mimicks the insertion of loop operators in the B-model [28]. This technique
also applies to (partially) resolved orbifold geometries [29] and can be used to calculate
and interpret the fractional framing and winding contributions encountered above within
an orbifold geometry [30].
Alternatively, instead of taking the sum over all windings in (3.3), we consider the
sum to run only over the states that have the form (3.4)
Zint =
∑
~k(s)
1
z~k(s)
Z~k(s) Tr~kV , (3.5)
with Tr~k(s)VK1,0 = Tr~kV and where the winding vector
~k is obtained by deleting all zeros
in the positions where j is not a multiple of s, i.e., ~k = (k1, k2, k3, . . .). Thus in (3.5)
we run the sum over the winding vector ~k instead of ~k(s) (by deleting zeros). However,
this introduces a combinatorics factor s|
~k|−1 (|~k| =
∑
j kj is the total number of holes),
which was first considered in [31]. Therefore, the integer winding part of the open-string
partition function is rewritten to
Zint =
1
s
∑
~k
s|
~k|
z~k(s)
Z~k(s) Tr~kV =
1
s
∑
~k
1
z~k
Z~k(s) Tr~kV , (3.6)
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where we used z~k(s) = s
|~k|z~k.
We can now use the transformation rules of the topological vertex to express the
ingredients of the above expression in the representation basis. To do this, we first recall
that [21]
Tr~kV =
∑
|µ|=ℓ(~k)
χµ(C~k) TrµV , (3.7)
where the sum runs over all partitions whose length is equal to the total winding number
ℓ(~k) =
∑
j jkj corresponding to winding vector
~k. In (3.7), χµ(C~k) is the character of the
symmetric group S
ℓ(~k)
for the conjugacy class C~k, in the representation specified by the
Young tableau µ. We can also express the amplitude Z~k(s) in the representation basis.
This amplitude corresponds to the insertion of the Lagrangian cycle on one external leg,
and is colored with a nontrivial representation. Under this change of basis, we obtain
Z~k(s) =
∑
|ν|=s·ℓ(~k)
χν(C~k(s))Zν . (3.8)
We have now expressed all ingredients of Zint in the representation basis. Substituting
(3.7) and (3.8) into (3.6), we find
Zint =
1
s
∑
µ
∑
|ν|=s|µ|
(∑
~k
1
z~k
χµ(C~k)χν(C~k(s))
)
Zν TrµV
=
1
s
∑
µ
∑
|ν|=s|µ|
cνµ,s Zν TrµV ,
(3.9)
where the sum over µ runs over all partitions. The integer coefficients cνµ,s are the coeffi-
cients of Adams operation. For more details about Adams operation, the corresponding
coefficients and their properties see appendix A.
ν
λ
Fig. 3. The open-string amplitude Zν in O(−1)⊕O(−1)→ P
1.
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Now, let us compute the open-string amplitude Zν . This is an amplitude correspond-
ing to insertion of a Lagrangian on one of the outer legs of the skeleton of the resolved
conifold. As argued in (2.17), the corresponding framing factor for this Lagrangian must
be the fractional number r
s
.2 Under a change of framing by f units, the corresponding
open-string amplitude is multiplied by the factor e2πifhµ = Q
f
2 |µ|q
f
2 κµ where hµ is confor-
mal weight of the primary field associated with µ. Since the first factor Q
f
2 |µ| is an overall
multiplicative factor, it is often absorbed in the definition of the holonomy matrix [32].
However, we would like to have this factor explicitly represented, and we do not absorb
it in the definition of V. Using the rules of the topological vertex [21], the open-string
amplitude Zν is given by
Zν =
∑
λ
(−Q)|λ|Q
r
2s |ν|q
r
2sκνC•λνC••λ
= Q
r
2s |ν|q
r
2sκν
∑
λ
(−Q)|λ|q
κλ
2 sν(q
−ρ)sλ(q
−ρ−ν)sλ(q
−ρ)
= Q
r
2s |ν|q
r
2sκνsν(q
−ρ)
∑
λ
(−Q)|λ|s
λ
(q−ρ)sλ(q
−ρ−ν)
= Q
r
2s |ν|q
r
2sκνsν(q
−ρ)
∞∏
i,j=1
(
1−Qqi+j−νj−1
)
,
(3.10)
where ν and λ are the conjugate representations of ν and λ respectively. In (3.10), we
have used the Schur function representation of the topological vertex [33] and a similar
computation has been already carried out in [34] for the case of the Hopf link. In the last
line of (3.10), we have used the Schur function identity [35]
∑
λ
sλ(x)sλ(y) =
∏
i,j
(1 + xiyj) . (3.11)
The open-string partition function Zν is the unnormalized amplitude. To make contact
with knot invariants, we should consider the normalized amplitudes. This means that in
order to get the normalized open-string amplitude, we must divide Zν by the closed-string
partition function Z∅
Z∅ =
∞∏
i,j=1
(
1−Qqi+j−1
)
. (3.12)
2 Note that, since we are only considering multiples of s-winding states as physical, the framing
factor actually becomes integral on the level of physical states.
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Let Znormν denote the corresponding normalized open-string amplitude. Using (3.10) and
(3.12), we find
Znormν ≡
Zν
Z∅
= Q
r
2s |ν|q
r
2sκνsν(q
−ρ)
∏
(i,j)∈ν
(
1−Qqj−i
)
= Q
r
2s |ν|q
r
2sκν dimqν ,
(3.13)
where dimqν is the quantum dimension of the representation given by the partition ν. In a
similar manner, we can normalize the integer winding part of the full open-string partition
function
Znormint ≡
Zint
Z∅
=
1
s
∑
µ
∑
|ν|=s|µ|
cνµ,sQ
r
2s |ν|q
r
2sκν dimqν TrµV . (3.14)
Apart from an irrelevant numerical factor of 1
s
,3 the coefficient of TrµV corresponds to the
HOMFLY polynomial of an (r, s) torus knot colored with representation µ
Wµ(Kr,s) =
∑
|ν|=s|µ|
cνµ,s e
2πi r
s
hν dimqν , (3.15)
where hν is the corresponding conformal weight associated with representation ν in the
WZW model.
Thus, in summary we have shown how to apply the topological vertex to accommo-
date for the s-fold cover of the toric Lagrangian for the unknot, which yields a suitable
description for the torus knot Kr,s. It correctly reproduces the Rosso-Jones identity, which
expresses the (colored) HOMFLY polynomial of the torus knot Kr,s as a superposition of
the usual quantum dimensions.
4. Comparison to the B-model via Local Mirror Symmetry
The aim of this section is to study the mirror symmetric B-model geometry for knots
K on S3. To this end we first review the approach taken by Brini, Enyard and Marin˜o
[14] towards torus knots Kr,s on S
3. We show that their construction is mirror-symmetric
to our A-model derivation of toric A-branes presented in section 2 and section 3. These
leads us towards a comparison with the recent proposal by Aganagic and Vafa [15], where
spectral curves for knots on S3 are derived. We show that these spectral curves can
straight-forwardly be obtained from the disk amplitude of the associated A-brane LK. We
demonstrate this feature explicitly and derive new B-model spectral curves for various
torus knots and links.
3 As reviewed in the next section, a similar numerical prefactor appears in the mirror B-model
derivation [14].
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4.1. Torus Knots and SL(2,Z) Transformations in the B-model
In this section, we first review the B-model treatment of torus knots as discussed
in [14]. The key point of [14] is to identify the SL(2,Z) transformation that generates
a torus knot Kr,s from the unknot K1,0 on S
3 with the B-model SL(2,Z) action which
rotates the open-string moduli. From Chern-Simons theory point of view, the SL(2,Z)
transformation acting on the unknot K1,0 has a natural lift on the Hilbert space of states of
the exact quantized Chern-Simons theory. Using the explicit form of torus knot operators
[25], one conveniently derives the Wilson loop expectation values of Chern-Simons theory
along torus knots. In this way, Chern-Simons theory realizes the Rosso and Jones formula
[36,14], which expresses the HOMFLY polynomial of a torus knot Kr,s in terms of the
usual quantum dimensions.
The B-model setup of [14] furnishes the local mirror geometry of the resolved conifold
O(−1)⊕O(−1)→ P1, which reads [23,22]
u v = H(α, β;Q) , H(α, β;Q) = 1 + α+ β +Qαβ , (4.1)
in terms of the local coordinates (u, v) ∈ C2 and (α, β) ∈ C∗×C∗ and the complex structure
modulus Q. A point (α, β) ∈ C∗×C∗ on the mirror curve given by H(α, β;Q) = 0 describes
a non-compact B-brane at u = 0, which is mirror to a Lagrangian A-brane for the unknot
K1,0. One can therefore understand the curve H(α, β;Q) = 0 as the open string moduli
space of this B-brane, which can propagate on this curve.
For non-compact B-branes dual to Lagrangian A-branes, the holomorphic Chern Si-
mons action is localized and yields the superpotential
W (α,Q) =
∫ α
α∗
λ , (4.2)
with a reference point α∗ on the curve H(α, β;Q) = 0 and with the differential
λ = log(β)
dα
α
, (4.3)
which is interpreted by mirror symmetry as the generating function for the disk instantons
ending on the Lagrangian A-brane.
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Introducing a B-brane in the geometry corresponds to considering a point on this
mirror curve. We can assume that the point is specified by the choice of α and then (4.1)
specifies β as
β = −
1 + α
1 +Qα
. (4.4)
The function β(α) is the generating function for the genus zero contribution of the Wilson
loop expectation values of the unknot K1,0 in the standard framing
− log β(α) =
∑
n≥0
〈TrVnK(1,0)〉g=0 α
n , (4.5)
where VK(1,0) captures the holonomy matrix around the unknot K1,0.
Based on the results of [22] in order to study the unknot in a non-standard framing, it
is necessary to extract a different generating function β˜(α˜) from the mirror curveH(α, β) =
0. This is conveniently achieved by introducing new local coordinates (α˜, β˜) ∈ C∗ × C∗
arising from a T -transformation that acts upon the local coordinates (α, β) according to
α→ α˜ = αβf and β → β˜ = β. Then mirror curve is given in parametric form as a function
of α by
α˜ = α
(
−1− α
1 +Qα
)f
, β˜ = β = −
1 + α
1 +Qα
. (4.6)
Analogously to (4.5) eliminating α in favor of α˜ yields the generating function β˜(α˜) that
generates the genus zero contribution of the Wilson loop expectation values of the unknot
with f units of framing.
In order to study an (r, s) torus knot, the authors of [14] generalize such a local coordi-
nate transformation to a general SL(2,Z) transformation acting upon the local coordinates
(α, β) of the mirror curve [14](
α
β
)
→
(
α˜
β˜
)
=
(
αs βr
αq βp
)
,
(
s r
q p
)
∈ SL(2,Z) . (4.7)
One can eliminate α and p from equation β˜ = αsβp using α˜ = αsβr and the unimodularity
of elements of SL(2,Z) to arrive at
log β˜ =
q
s
log α˜−
1
s
log β(α˜) , (4.8)
where the relation β(α˜) is implicitly defined by
α˜ = α
(
−
1 + α
1 +Qα
) r
s
, β = −
(
1 + α
1 +Qα
)
, (4.9)
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or equivalently by
H˜r,s(α˜, β;Q) = (1 +Qβ)
sα˜− (−1− β)sβr . (4.10)
The explicit function
log β(α˜) = −
∞∑
n=1
Wn(Q) α˜
n
s (4.11)
is most easily obtained by inverting (4.9) in favor of α(α˜
1
s ) and inserting this into (4.9).
The coefficients can be written in a closed form as [14]
Wn(Q) =
1
n!
n∑
l=0
(−1)n+l
(n
l
)
Q(1−l−n
r
s
)
ms−1−l∏
j=−l+1
(mr − j) . (4.12)
The authors of [14] argue that the non-analytic first term in (4.8) is an irrelevant classical
term, which can be dropped, and they interpret (4.10) with the idenfitication β = β˜−s as
the mirror curve. Given the fractional powers of the open modulus α˜ in (4.11), it is clear
that log β˜ in (4.8) cannot be the derivative of the disk instanton generating appearing in
the differential (4.3). As a consequence — unlike the original curve (4.1) associated to the
unknot K1,0 or the ones describing the change of framing according to (4.6) — the curve
H˜s,r(α˜, β;Q) = 0 cannot directly be interpreted as the moduli space of the brane mirror
dual to the special Lagrangian A-brane for the torus knot Kr,s. For this reason we consider
(4.10) as an auxiliary curve. Note in particular that this auxiliary curve is not symmetric
in (r, s). If r and s are exchanged, different powers in log β(α˜) have to be discarded to
make contact with the disk superpotential (4.2) associated to the torus knot Kr,s.
Comparing (4.9) with (4.6), we conclude that f is identified with the fractional value
f = r
s
. This is consistent with the Chern-Simons derivation of torus knot invariants, in
which r
s
appears as a fractional twist of torus knot operators. Therefore, one concludes
[14] that the general SL(2,Z) degree of freedom in the choice of local coordinates of the
B-model is identified with the general SL(2,Z) action that generates a torus knot from an
unknot.
Nevertheless, the relation (4.8) does encode the information of disks or equivalently
the genus zero expectation values
〈
trVnKr,s
〉
g=0
of the torus knots Kr,s, if one restricts the
sum in (4.11) to integer powers of α˜.
The remodelling principle of [17] interprets the mirror curve (4.1) as the spectral
curve of a matrix model, where the differential λ becomes the filling fractions of this
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matrix model. From the spectral curve and the one form λ all amplitudes of the matrix
model can be reconstructed by the topological recursion [16].
Moreover, it has been shown that the closed string amplitudes are invariants under the
symplectic transformation (4.7) in this formalism. This fits well with the interpretation
of the SL(2,Z) transformed curves as mirror curves of the framed torus knots or links
invariants, as in the A-model geometry the closed string geometry is invariantly given by
T ∗S3.
As mentioned in the case of integer framing one has β˜ = β and the curve (4.10) can
be immediately be identified with the spectral curve associated to the framed unknot. In
the general case the spectral curve is (4.10) supplemented by relation β = β˜−s. In both
cases we get a highly degenerate higher genus curve with nodal singularities so that its
geometric genus is zero. This implies that the non-vanishing period integrals are just the
ones of the orginal (4.1) of the unknot, in accordance with the expectation that the closed
string sector does not change.
Interpreting this spectral curve given by the meromorphic functions α˜(α) and β˜(α)
parametrized by the affine coordinate α on P1, one can define recursively the meromor-
phic differentials ωg,hdα1 . . .dαh on the h-fold cartesian product of the spectral curve
[16], which calculate all open-string amplitudes in various parametrizations of the open-
string modulus, in particular also for the local coordinate α˜. More precisely, the differ-
entials ωg,hdα1 . . .dαh are defined by the topological recursions relations arising from the
Bergmann kernel [16], which reads for spectral curves of geometric genus zero
B(α1, α2)dα1dα2 =
dα1dα2
(α1 − α2)2
, (4.13)
and the corresponding recursion kernel
K(α1, α2) = −
α˜(α2)
∫ α2
α2
B(α1, α)dα
2α˜′(α2)(log β˜(α2)− log β˜(α2))
, (4.14)
where α2 is the conjugate (under the projection of the mirror curve to P
1) of α2 near a
branch point of the mirror curve. That is to say, from the spectral curves alone all dif-
ferentials ωg,hdα1 . . .dαh, and hence all information about colored HOMFLY polynomials
for the torus knots Kr,s can be calculated in this way [14].
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4.2. Local Mirror Symmetry for Torus Knots
In this section, we show that we can appropriately translate the SL(2,Z) transfor-
mation of the B-model that we described in the previous section to the A-model via the
dictionary of mirror symmetry. As a result, we obtain that the proposed Lagrangian for
torus knots that we introduced in section 2.1 is in agreement with Lagrangian cycle we
find by the virtue of mirror symmetry.
In the A-model picture, the bulk geometry, after the large N transition, is the re-
solved conifold which is described by (2.1) in the toric language. The mirror curve (4.1),
associated with the unknot, is associated to the Lagrangian brane (2.2) in the A-model.
This Lagrangian lands on one of the outer legs of the toric skeleton, and has the topology
S1×R2 (this equivalently implies that for this brane c1 = 0). According to the philosophy
of [14], we are now supposed to perform an SL(2,Z) transformation on the C∗-coordinates
of the mirror curve (4.1). On the other hand, the dictionary of mirror symmetry tells us
how the A- and B-model geometries are related, and hence enables us to trace the effect
of the B-model symplectic transformation on the A-model open/closed geometry. The
open/closed mirror A- and B-model geometries are related via mirror symmetry [37,23] in
the following way ∏
i
yPii = Q ,
∏
i
y
pαi
i = e
cα , α ∈ {1, 2} , (4.15)
where P and pα are the toric charges of the bulk and brane geometries respectively. In
(4.15), yi are the local coordinates of the B-model, and Q = e
−t is the closed-string
modulus.
Using (4.15), we would now like to translate the B-model symplectic transformation
(4.7) to the A-model setup. Recall that introducing a torus knot Kr,s amounts to perform-
ing a symplectic transformation on the local coordinates of the B-model (4.7). Before we
implement this transformation, let us first choose a local patch of coordinates. We choose
the patch where y2 6= 0 and introduce the affine (inhomogeneous) coordinates as
α =
y3
y2
, β =
y4
y2
, γ =
y1
y2
. (4.16)
Without loss of generality, we assume that the mirror curve is described by coordinates
(α, β). According to (4.7), in order to introduce an (r, s) torus knot, we are supposed to
perform a symplectic transformation on these local coordinates(
α
β
)
7→
(
αˆ
βˆ
)
=
(
αr βs
αp βq
)
. (4.17)
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Using the inverse transformation, we can express the old coordinates in terms of the new
ones in a one-to-one fashion as α = αˆq βˆ−s and β = αˆ−pβˆr.
As pointed out in [14], an SL(2,Z) transformation of the local coordinates of the
mirror curve is a symmetry of the bulk geometry of the B-model. In order to accomplish
this, we transform the γ coordinate in a way that it preserves the bulk geometry. The
most general transformation on γ takes the following form
γ = γˆaαˆbβˆc , (4.18)
where a, b, and c are some integers. Now, the first equation of (4.15), written in the patch
y2 6= 0,
γ = Qαβ , (4.19)
can be expressed in terms of the new variables αˆ, βˆ, γˆ. Rewriting this in terms of the
homogenous coordinates yˆi, we find
yˆa1 yˆ
−(a+b+c+p−q+s−r)
2 yˆ
b+p−q
3 yˆ
c+s−r
4 = Q . (4.20)
From (4.20), we can now read off the new toric charge vector of the bulk geometry Pˆ =
(a,−a− b− c− p− s+ q + r, b+ p− q, c+ s− r). Requiring that the new bulk geometry
must be again the resolved conifold, we have Pˆ = P . This determines the values of a, b,
and c
a = 1 , b = q − p− 1 , c = r − s− 1 . (4.21)
Plugging these values in (4.18) and using (4.17), we find that the transformation of the Y1
coordinate
γˆ = γ αr+p−1 βs+q−1 . (4.22)
We can now proceed for the A-brane and perform the same game with Lagrangian
charges p1 and p2. However, we notice that we do not have any degree of freedom left
in transforming the coordinates. Therefore, when we perform the transformation on La-
grangian charges, we should find a new set of charges describing a new Lagrangian. As we
will see, this Lagrangian is the one which produces the invariants of the torus knot Kr,s
and coincides with the Lagrangian cycle proposed in section 2.1. Let us start with the first
charge p1 = (0, 1,−1, 0). Working in the same patch, we obtain from the second equation
of (4.15)
α−1 = ec1 . (4.23)
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To obtain the Lagrangian cycle associated with the transformed mirror curve, we express
the old variables in terms of the new ones, and rewrite the result in terms of the homoge-
neous coordinates. We then have
yˆq−s2 yˆ
−q
3 yˆ
s
4 = e
c1 . (4.24)
Therefore, the first Lagrangian charge transforms to pˆ1 = (0, q − s,−q, s). We can now
follow the same procedure for the second Lagrangian charge p2 = (0, 0,−1, 1). Again from
the second equation of (4.15) we find
α−1β = ec2 . (4.25)
Similar to the previous Lagrangian charge, if we rewrite (4.25) in terms of the new variables
and express the result in terms of the homogeneous variables, we gain
yˆp+q−r−s2 yˆ
−p−q
3 yˆ
r+s
4 = e
c2 . (4.26)
Hence the second new Lagrangian charge is found to be p2 = (0, p+q−r−s,−p−q, r+s).
Instead of working with p2, we can equivalently work with the charge pˆ2 = pˆ1 − p2.
Therefore, the two new Lagrangian charges are found to be pˆ1 = (0, q − s,−q, s) and
pˆ2 = (0, r− p, p,−r). In terms of the A-model coordinates, this implies
(q − s)|Xˆ2|
2 − q|Xˆ3|
2 + s|Xˆ4|
2 = Re c˜1 ,
(r − p)|Xˆ2|
2 + p|Xˆ3|
2 − r|Xˆ4|
2 = Re c˜1 − Re c˜2 .
(4.27)
We notice that the new Lagrangian which is described by pˆ1 and pˆ2 is a special Lagrangian
cycle. This Lagrangian submanifold is the mirror of the transformed mirror curve of the
B-model, which is supposed to carry the information about an (r, s) torus knot. In order
to analyze the topology of the Lagrangian cycle (4.27), we perform the same trick as in
section 2.1 by considering another linear combinations of the Lagrangian charges, and
instead, pushing the transformation into the open moduli space. To see this explicitly, we
consider the following Lagrangian charges
p˜1 = r pˆ1 + s pˆ2 ,
p˜2 = p pˆ1 + q pˆ2 .
(4.28)
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Finally, we arrive at the following D-term equations describing the Lagrangian cycle
|Xˆ2|
2 − |Xˆ3|
2 = rRe c˜1 + s(Re c˜1 −Re c˜2) ,
|Xˆ2|
2 − |Xˆ4|
2 = pRe c˜1 + q(Re c˜1 − Re c˜2) .
(4.29)
Instead of the second equation of (4.29), we can equivalently use the difference between
the two equations of (4.29)
|Xˆ2|
2 − |Xˆ3|
2 = rRe c˜1 + s(Re c˜1 − Re c˜2) ,
−|Xˆ3|
2 + |Xˆ4|
2 = (r − p)Re c˜1 + (s− q)(Re c˜1 −Re c˜2) .
(4.30)
This shows that instead of working with the original charges pˆ1 and pˆ2, we can work with
the untransformed charge vectors p1 and p2, but we need to perform the following SL(2,Z)
transformation in the open moduli space(
c˜1
c˜2 − c˜1
)
7→
(
cˆ1
cˆ2
)
=
(
r −s
r − p q − s
)(
c˜1
c˜2 − c˜1
)
. (4.31)
This, in a sense, is the passive way of the transformation. Instead of performing the
symplectic transformation directly on the Lagrangian submanifold, the SL(2,Z) tranfor-
mation allows us to keep the Lagrangian unaffected, but we perform the transformation
in the moduli space of the Lagrangian.
Now in this passive form of the transformation, it is easier to analyze the topology of
the Lagrangian cycle. For generic values of the open moduli, the Lagrangian , as pointed
out in section 2.1, will have the topology T 2 × R. However, for special values of the open
moduli, the Lagrangian cycle will have the topology of S1×R2. The Lagrangian (4.30) (or
equivalently (4.27)) is the A-model mirror of the transformed mirror curve which describes
the torus knot. Therefore, it is required that the Lagrangian (4.27) lands on one of the
outer legs of the toric skeleton. This is easily achieved by setting cˆ1 = 0. This eliminates
c˜2 in favor of c˜1. Then, the open modulus of the Lagrangian cˆ2 is then found as
cˆ2 =
1
s
c˜1 . (4.32)
The above equation is the analog of (2.8) that we found by directly in the A-model.
Again, we may interpret the resulting Lagrangian as an s-sheeted cover of the Lagrangian
associated with the unknot. As discussed in section 2.2, the rescaling of the open modulus
(4.32) has also an effect on the framing factor by making it fractional with respect to the
Lagrangian associated to the unknot. Altogether we realize that the Lagrangian cycles for
torus knots Kr,s obtained by local mirror symmetry agrees with the proposed Lagrangian
A-branes of section 2.1.
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4.3. Disk Amplitudes and Spectral Curves
From the discussion in section 4.1, it becomes clear that all information of torus
knots can be very efficiently extracted by the method in [14] using the SL(2,Z) sym-
metry (4.7), which is the mirror symmetric construction of the A-model approach de-
scribed in section 2 and section 3. However, this SL(2,Z) construction results in a curve
H˜r,s(α˜, β;Q) in eq. (4.10) that is of rather auxiliary nature. For instance, as discussed
the relevant expansion for disk amplitudes (4.11), contains apart from the disk instantons
additional redundant non-analytic information. This also manifests itself that for a given
torus knot Ks,r, we can actually assign (at least) two distinct auxiliary curves H˜r,s(α˜, β;Q)
and H˜s,r(α˜, β;Q), which encode the same disk amplitudes in the described fashion.
Due to the prominent role of SL(2,Z) transformations in the construction of [14]
— which are motivated by SL(2,Z) actions transforming the unknot K1,0 into the torus
knot Kr,s as reflected in the the Rosso-Jones identity [13] — this approach restricts to
torus knots. In general one would hope that the true B-model curve HK(α, β) = 0 can
be geometrically constructed by mirror symmetry as the (quantum) moduli space of the
special Lagrangian brane LK, which in turn is determined for any knot K on S
3.
Then a suitable phase of the special Lagrangian brane LK determines on the spectral
curve HK(α, β) = 0 an expansion point, which we choose in the following to reside at
α = 0, such that the differential
λ = log β(α)
dα
α
, (4.33)
yields directly the quantum superpotential (4.2) without the need to eliminate any am-
biguous non-analytic terms in the instanton expansion.
Note that this disk amplitude is associated to a matrix model, for which the large N
limit of the loop equation of the matrix model yields the classical spectral curveHK(α, β) =
0 [38,39,17]. The Eynard-Oratin recursion relation [16] allows us to retrieve the full large
N expansion from the classical spectral curve, which in turn contains the full information
about all colored HOMFLY polynomials. We will argue below that the knowledge of the
disk amplitude associated to the brane LK is equivalent to the information of the classical
spectral curve HK(α, β) = 0, which in turn allows us to extract (at least in principal) any
colored HOMFLY polynomial of K.
A more conceptual way to phrase the relation between the classical spectral curve
and the finite N or quantum geometry was proposed in [40], which is then applied to
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spectral curves Hr,s(α, β) = 0 of torus knots Kr,s in [23]. The relation between the
classical geometry and the quantum geometry containing the coupling gs ∼ 1/N is given
by promoting the spectral curve H(α, β) = 0 of the mirror A-brane L with α = ex and
β = ep to a quantum operator
Ĥ(exˆ, epˆ) |ΨL〉 = 0 , (4.34)
which annihilates the quantum state |ΨL〉. Here xˆ and pˆ are canonically conjugated oper-
ators
[pˆ, xˆ] = gs . (4.35)
which in position space are identified with xˆ = x and pˆ = gs∂x. The topological open-string
partition function ZL(gs, x) is then viewed as the wave function in position space
ZL(gs, x) = 〈 xˆ |ΨL 〉 , (4.36)
and the classical geometry is recovered in the WKB approximation as
ZL(gs, x) ∼ exp
(
1
gs
∫
p(x)dx
)
. (4.37)
For A-branes LK describing knots on the deformed conifold T
∗S3, the open-string par-
tition function ZLK(gs, x, Q) encodes the HOMFLY polynomials colored with symmetric
representations [15]
ZLK(gs, x, Q) =
+∞∑
n=0
〈trSnU〉K e
nx , (4.38)
where Sn corresponds to representation of the totally symmetric Young tableau with n
boxes. In particular the disk contribution 1
gs
to the partition function ZLK(gs, x, Q) — and
hence the contributions at order 1
gs
of the HOMFLY polynomials colored with symmetric
representations — contains the entire disk amplitude, which in turn gives rise in the planar
large N limit to the quantum superpotential (4.2) according to
log β(α) = α
d
dα
lim
gs→0
gs log
(
∞∑
n=0
〈trSnU〉K α
n
)
. (4.39)
Given a normal ordering prescription one can use (4.34) to determine Z(gs, x, Q) as was
demonstrated for genus zero curves in [40]. However, it was also realized there that this
is much more involved for higher genus curves, which one obtains for a generic knot. The
formalism of Eynard and Orantin seems more developed even in this case [16].
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Our philosophy towards the spectral curve HK(α, β) = 0 for a given knot K is the
following: Given the disk amplitude associated to a knot K — that is to say the quantum
corrected superpotential (4.2) — we can unambiguously construct the (irreducible) spectral
curve HK(α, β) = 0, which then encodes the entire higher genus information, which is —
at least in principal — accessible by the formalism of Eynard and Orantin [16]. As the set
of all HOMFLY polynomials colored with symmetric representations reduce in the planar
large N limit to the entire disk amplitude [4,7], this information is more than sufficient to
construct the spectral curves HK(α, β,Q) = 0. This has been demonstrated in [15], where
the authors also construct the spectral curve associated to the figure eight knot (and which
does not fall in the class of torus knots).
Let us start with the first step of finding the classical curve for the torus knot Kr,s.
Here the information about the disks is contained in the mod s coefficients of (4.12). Using
the actual genus zero disk amplitude we will reconstruct an algebraic curve H(α, β;Q) = 0,
which one can view as the actual moduli space of the brane LKr,s . Let us define therefore
β(α) = exp
(
−
∞∑
n=1
Wsn(Q)α
n
)
. (4.40)
The method for finding the algebraic curve is very straightforward. We make an ansatz
H(α, β;Q) =
∑dα
i=0
∑dβ
j=0 cijα
iβj and solve for the (Q-dependent) coefficients cij in a series
expansion of H(α, β(α);Q). Of course the fact that dα, dβ are finite is non-trivial. For the
case at hand, one can show that for (r, s) being coprime the degrees are given by
dβ =
(
s+ r
r
)
=
(
s+ r
s
)
, dα =
dβ
r + s
, (4.41)
while if (r, s) are not coprime there is a simple bound dβ(r, s) ≤ Min(dβ(r, s+1), dβ(r+1, s))
while dα =
dβ
s+r
still holds.
As an example, we have extracted the mirror curve associated with the torus knot
K3,4, purely based on the knowledge of the genus zero disk instantons coming from (4.40).
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For this case we find the following mirror curve
H3,4(α, β;Q) =
(
1−Qβ
)
− β4
(
1− β + β2 − 2Qβ2 − 5β3 + 9Qβ3 − 3Q2β3
+ 4Qβ4 − 4Q2β4 −Q2β5 +Q3β5 − 3Q3β6 + 3Q4β6 +Q5β8
−Q6β9
)
α− β10
(
1− β − 3β2 + 4Qβ2 + 4β3 − 8Qβ3 + 3Q2β3
− 10β4 + 27Qβ4 − 17Q2β4 + 6Qβ5 − 10Q2β5 + 4Q3β5
− 3Q2β6 + 5Q3β6 − 3Q4β6 − 5Q3β7 + 6Q4β7 +Q4β8
−Q5β9
)
α2 + β16
(
1− β + 5β2 − 6Qβ2 + 3β3 − 5Qβ3 + 3Q2β3
− 6β4 + 10Qβ4 − 4Q2β4 + 10β5 − 27Qβ5 + 17Q2β5 − 4Qβ6
+ 8Q2β6 − 3Q3β6 + 3Q2β7 − 4Q3β7 +Q3β8 −Q4β9
)
α3 + β22(
1− β + 3β3 − 3Qβ3 + β4 −Qβ4 − 4β5 + 4Qβ5 + 5β6 − 9Qβ6
+ 3Q2β6 −Qβ7 + 2Q2β7 +Q2β8 −Q3β9
)
α4 − β34
(
1− β
)
α5 .
(4.42)
At Q = 1, the above curve factorizes to several irreducible components and it contains a
factor of the full A-polynomial of the torus knot K3,4
H3,4(α, β; 1) = (1− β)(1− αβ
4)(1− αβ6)(1 + αβ6)2(1− αβ12) . (4.43)
The mirror curve associated to torus links can also be constructed from the genus zero
disk instantons. The simplest torus link is the link K2,2, i.e., the Hopf link. For this link,
we find the following curve
H2,2(α, β;Q) =
(
1−Qβ
)(
1 +Qβ
)
+ β2
(
1 + 2β2 − 4Qβ2 +Q2β4
)
α
− β6
(
1− β
)(
1 + β
)
α2 .
(4.44)
This curve degenerates at Q = 1 to the following components
H2,2(α, β; 1) = (1− β)(1 + β)(1 + αβ
2)(1− αβ4) . (4.45)
As suggested in [15], a possible interpretation for the leading factors (1−β) and (1+β) of
(4.45) could be the identification with branches of the moduli space, where a component of
the A-model Lagrangian cycle leaves the zero section S3 of the deformed conifold. Since the
Hopf link is constructed out of two A-model Lagrangian components, it is suggestive that
the individual factors (1 − β) and (1 + β) are associated to the two A-model Lagrangian
components, respectively. This claim is further supported by the observation that the
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disk amplitudes log β±(α) extracted from the vicinities β±(0) = ±Q of the spectral curve
H2,2(α, β±(α);Q) = 0 obey β+(α) = −β−(α).
We have computed the spectral curves associated to other torus knots from the disk
amplitude. In particular the entire spectral curve H3,5(α, β;Q) = 0 of the torus knot K3,5
is recorded in full glory in appendix B. As can be seen from the general degree (4.41),
for higher integers (r, s) these curves become too lengthy to be spelled out here explicitly.
Therefore, we just present their degeneration at Q = 1 here
H2,9(α, β; 1) = (1− β)(1 + αβ
9)4(1− αβ18) ,
H2,11(α, β; 1) = (1− β)(1 + αβ
11)5(1− αβ22) ,
H2,13(α, β; 1) = (1− β)(1 + αβ
13)6(1− αβ26) ,
H2,15(α, β; 1) = (1− β)(1 + αβ
15)7(1− αβ30) ,
H3,5(α, β; 1) = (1− β)(1− αβ
5)2(1− αβ15)(1− α2β15)2 ,
H3,7(α, β; 1) = (1− β)(1− αβ
7)5(1− αβ21)(1− α2β21)3 ,
H3,3(α, β; 1) = (1− β)(1 + β + β
2)(1− αβ3)(1− αβ9)(1− α2β9) ,
H3,6(α, β; 1) = (1− β)(1 + β + β
2)(1− αβ6)4(1− αβ9)2(1 + αβ9)2(1− αβ18) .
(4.46)
Note that all these curves contain (up to a framing transformation) a factor of the A-
polynomial of the their corresponding torus knots/links, and they exhibit the formula
(4.41) for their degrees.
The calculated defining polynomials of the spectral curves Hr,s(α, β) agree with the
known augmentation polynomials, which are directly defined in terms of knot contact
homology for knots K on S3 in [19]. This relationship between augmentation polynomials
and the B-model spectral curves has been conjectured in [15,18] and has been studied for
torus knots K2,2p+1 (with integral p) in [20].
Our calculation demonstrates the general fact that the spectral curve — or at least
a relevant irreducible component — can be reconstructed uniquely from the knowledge
of the entire disk amplitude. Choosing different expansion points corresponds to different
phases in the open string moduli space and leads to different integer open string invariants.
The next step is to reconstruct the quantum information from the spectral curve using
the Eynard-Oratin method. In particular the annulus amplitude is the first non-trivial
piece of quantum information, which goes beyond the data encoded in the HOMFLY
polynomials that are merely colored with symmetric representations. In particular, it is
possible to apply the Eynard-Oratin formalism to the spectral curve H2,3(α, β;Q) = 0
associated to the torus knot K2,3, as this spectral curve is of geometric genus one [41].
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5. Torus Knots in Lens Spaces
The main focus of the previous sections was to consider torus knots in S3, and for this
purpose, we had dealt with the resolved conifold geometry. However, the construction of
the Lagrangian cycle of section 2 can be generalized to other toric geometries as well. An
interesting example to consider is knots/links in lens spaces. It turns out that lens spaces
can be constructed as a torus bundle over an interval, very similar to the construction of
section 2. Let us briefly mention how the geometric setup will work. As we saw in section 2,
S3 can be represented as a torus bundle over an interval so that the (1, 0) cycle of the torus
shrinks at one end point of the interval and the (0, 1) cycle shrinks at the other end. Now,
instead of degenerating (0, 1) cycle, we pick a different cycle, namely the (p, q) cycle of the
torus. This leads to the lens space L(q, p) whose fundamental group is π1(L(q, p)) = Zq.
To explain why this is the case, let us cut the interval (base of the torus fibration) into
two pieces. Upon this operation, each half is a T 2 = S1 × S1c fibration over an interval
where S1c is a contractible one cycle of the torus. Therefore, each half has the topology of
a solid torus. In the case of S3, the contractible and the non-contractible one-cycles of the
left and the right solid tori are exchanged. This corresponds to performing an S operation
in gluing the two solid tori and this exactly describes the genus one Heegaard splitting
of S3. Now, instead of degenerating (0, 1) cycle of the right solid torus, if we degenerate
the (p, q) cycle, we would need to perform a general SL(2,Z) operation in gluing the two
solid tori. This exactly corresponds to the Heegaard splitting of lens spaces. Once we
have constructed the lens space L(q, p), we can embed this geometry into the A-model
topological strings with the target space T ∗L(q, p). After the large N transition, we end
up with a new geometry, and we obtain the invariants of torus knots by computing the
open-string amplitudes of the corresponding resolved geometry, as in section 3.
The simplest lens space to consider is L(2, 1) ∼= RP3. This lens space can be obtained
by the antipodal identification of the points on a three-sphere L(2, 1) = S3/Z2. To fit
this in our setup, we can view this space as a torus bundle over a segment, where (1, 0)
cycle of the torus fiber shrinks at one end, and the (1, 2) cycle at the other end. Let
first consider the unknot in this lens space. This case has first been studied in detail
[42]. Chern-Simons theory on this space is alternatively described by an open A-model
topological string theory with the target space T ∗(S3/Z2). Upon the large N transition,
the local P1×P1 geometry emerges, and the toric Lagrangian brane which lands on one of
the outer legs of this geometry is supposed to capture the invariants of the framed unknot
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in this lens space [17]. We can now apply our method to construct the toric Lagrangian
brane whose open-string amplitudes produce the invariants of torus knots in the lens space
L(2, 1)4. We will do this in two different ways. We first construct the Lagrangian cycle
describing torus knots in L(2, 1), using the explicit construction of section 2, and then we
check this against the Lagrangian cycle one finds by the B-model argument of [14] and
mirror symmetry.
5.1. Construction of the Lagrangian Cycle in L(2, 1)
As mentioned earlier, the bulk geometry before the large N transition can be thought
as the total space of T ∗L(2, 1). As mentioned above, we represent the base L(2, 1) of the
fibration as a torus bundle over an interval, where (1, 0) and (1, 2) cycles are shrunken,
one at each end point. To realize an (r, s) torus knot in this lens space, we choose the
cycle r ϑ1+s ϑ2 to be away from the fixed points of the Z2 action, and then the rest of the
story of section 2 would go in the same way. We will eventually end up with a Lagrangian
describing an (r, s) torus knot in L(2, 1). Now, let us focus on the open/closed geometry
after the large N transition.
The bulk geometry in this case is the total space of the fibration O(−2,−2)→ P1×P1
which is described in terms of the two following GLSM charge vectors P 1 = (−2, 1, 1, 0, 0)
and P 2 = (−2, 0, 0, 1, 1)
|X1|
2 + |X2|
2 − 2|X0|
2 = Re t1 ,
|X3|
2 + |X4|
2 − 2|X0|
2 = Re t2 ,
(5.1)
where t1 and t2 are the two Ka¨hler moduli of the bulk geometry, and in order to make
contact with Chern-Simons theory on S3/Z2, one has to set t1 = −t2. To define the
Lagrangian submanifold in this geometry, we introduce with the following Lagrangian
charges p1 = (−1, 1, 0, 0, 0) and p2 = (−1, 0, 0, 1, 0)
|X1|
2 − |X0|
2 = Re c1 ,
|X3|
2 − |X0|
2 = Re c2 ,
(5.2)
where Re c1 ≥ 0 and Re c2 ≥ 0. The above Lagrangian cycle degenerates and will have the
topology S1 ×R2, when we set c1 = c2. In this limit, the Lagrangian, which describes the
unknot in S3/Z2, lands on one of the outer legs of the toric skeleton (see Fig. 4).
4 It would also be desirable to construct the analog of the Lagrangian of [10] for this lens space.
30
To study the torus knots, we are supposed to perform an SL(2,Z) on the Lagrangian
charges
(
p1
p2
)
7→
(
p˜1
p˜2
)
= M
(
p1
p2
)
in which M is given by (2.4). This results in p˜1 =
(−r − s, r, 0, s, 0) and p˜2 = (−p− q, p, 0, q, 0)
r|X1|
2 + s|X3|
2 − (r + s)|X0|
2 = Re c˜1 ,
p|X1|
2 + q|X3|
2 − (p+ q)|X0|
2 = Re c˜2 .
(5.3)
As in section 2, we can undo the SL(2,Z) transformation on the Lagrangian charges and
instead impose the transformation on the open moduli space. In this passive form, one
finds the old Lagrangian charges p1 and p2 with the following open moduli(
c˜1
c˜2
)
7→
(
cˆ1
cˆ2
)
=M−1
(
c˜1
c˜2
)
. (5.4)
To get the topology S1 × R2, we degenerate the Lagrangian by setting cˆ1 = cˆ2. This
results in cˆ1 = cˆ2 =
1
r+s c˜1. We notice that an (r, s) torus knot does not have a unique
representation as an SL(2,Z) matrix. If M represents an (r, s) torus knot, then MTm
represents the same knot but with different units of framing. Therefore, we choose the
representativeMT−1, and this leads us to cˆ1 =
1
s
c˜1. As we will see, the same manipulation
occurs when we construct the Lagrangian cycle by means of mirror symmetry.
5.2. Lagrangian Cycle in L(2, 1) from Mirror Symmetry
The B-model derivation of [14] for the mirror curve that describes a torus knot is in
fact quite general and is not specific to the resolved conifold geometry. Of course, not all
toric examples have a knot theory interpretation. But one can definitely apply the B-model
argument of [14] for the case of local P1 × P1 in order to describe torus knots in the lens
space L(2, 1). According to the philosophy of [14], to make contact with torus knots, we
have to make an SL(2,Z) transformation on the local coordinates of the mirror B-model.
For definiteness, we assume that we are working in the patch y0 6= 0, and similar to the
previous case, we define the corresponding affine coordinates
α =
y1
y0
, γ =
y2
y0
, β =
y3
y0
, λ =
y4
y0
. (5.5)
In this local patch of coordinates, we perform the transformation(
α
β
)
7→
(
αˆ
βˆ
)
=
(
αr βs
αp βq
)
. (5.6)
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As in the case of the resolved conifold, this transformation should presrve the bulk ge-
ometry. To observe this, we first perform a general transformation on γ and λ in this
patch
γ = αˆa γˆb βˆc λˆd ,
λ = αˆe γˆf βˆg λˆh ,
(5.7)
where a, b, c, d, e, f , g, and h are some integers. Now, in order to read off the A-model
charge vectors, we use the first equation of (4.15) in terms of the homogeneous coordinates.
Doing that, we obtain
yˆ−q+s−a−b−c−d0 yˆ
q+a
1 yˆ
b
2 yˆ
c−s
3 yˆ
d
4 = Q1 ,
yˆp−r−e−f−g−h0 yˆ
−p+e
1 yˆ
f
2 yˆ
r+g
3 yˆ
h
4 = Q2 ,
(5.8)
where Q1 = e
−t1 and Q2 = e
−t2 . To preserve the bulk geometry, we must require the
new charge vectors to be the same as P 1 = (−2, 1, 1, 0, 0) and P 2 = (−2, 0, 0, 1, 1). This
uniquely determines the above unknown integers and we gain
a = 1− q , b = 1 , c = s , d = 0 ,
e = p , f = 0 , g = 1− r , h = 1 .
(5.9)
Using (2.4), we can express Yˆ2 and Yˆ4 coordinates in terms of the old coordinates
γˆ = α1−r γ β−s , λˆ = α−p β1−q λ . (5.10)
We now proceed with the analysis of the open-string sector. As in the previous
example, the mirror B-brane is constructed using the second equation of (4.15). Let us
work in the same local patch. In this patch, the Lagrangian charges p1 and p2 give us the
following constraints
α = ec1 , β = ec2 . (5.11)
We are now supposed to perform the same SL(2,Z) transformation on Yi coordinates for
the open-string sector. Using transformation (5.6) on the Yi coordinates and rewriting the
result in terms of the original homogeneous coordinates yi, we obtain
yˆs−q0 yˆ
q
1 yˆ
−s
3 = e
c1 ,
yˆp−r0 yˆ
−p
1 yˆ
r
3 = e
c2 .
(5.12)
From (5.12), we can read off the new Lagrangian charge vectors corresponding to the
transformed Lagrangian. The new Lagrangian is described by two charge vectors p˜1 =
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(s − q, q, 0,−s, 0) and p˜2 = (p − r,−p, 0, r, 0), and similar to the previous case, this is a
special Lagrangian cycle
(s− q)|Xˆ0|
2 + q|Xˆ1|
2 − s|Xˆ3|
2 = Re c˜1 ,
(p− r)|Xˆ0|
2 − p|Xˆ1|
2 + r|Xˆ3|
2 = Re c˜2 .
(5.13)
To analyze the topology of the Lagrangian, we again use the same trick to undo the
SL(2,Z) transformation. Similar to the previous case, instead of working with p˜1 and p˜2,
we can equivalently work with the charge vectors rp˜1 + sp˜2 and pp˜1 + qp˜2. This amounts
to performing the following transformation in the moduli space of the Lagrangian cycle(
c1
c2
)
7→
(
cˆ1
cˆ2
)
=M
(
c˜1
c˜2
)
. (5.14)
As before, for generic values of c˜1 and c˜2, the Lagrangian will have the topology T
2 × R.
However, when it lands on an outer leg, the topology will be S1 × R2, as required. This
implies that we should be working in the phase where cˆ1 = cˆ2. Using (5.14), we conclude
that cˆ1 = cˆ2 =
1
q−s c˜1. Here, as in the A-model analysis of the previous section, we
change the representation of the torus knot from M to T−1M . This would then imply
that cˆ1 = −
1
s
c˜1 (the minus sign only reverses the orientation of the knot). As in the case
of the conifold, this rescaling would lead to appearance of a fractional framing for the knot
(the argument of section 2.2 will be still valid so long as we keep the torus knot away from
the fixed points of the Z2 action).
Therefore, the whole argument of section 3 for the computation of the open-string
amplitude would go through and one will find the following structure for the open-string
partition function
Z =
∑
µ
∑
|ν|=s|µ|
cνµ,s ZνTrµV , (5.15)
where Zν is the open-string amplitude corresponding to the diagram depicted in Fig. 4,
where the outer brane has the framing r/s.
ν
α
β
γ
λ
Fig. 4. The open-string amplitude Zν in local P
1
× P
1.
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It was shown in [42] that Chern-Simons theory defined on the Lens space S3/Z2 agrees
with the open string amplitudes of the above geometry in the orbifold phase of the closed-
string moduli space. This implies that, as far as knot invariants are concerned, what
topological vertex computes for this geometry is not going to be useful, as topological
vertex computes the amplitudes in the large radius limit. It would be very interesting
to see if one can compute this amplitude with the techniques developed in the orbifold
topological vertex [43], and reproduce the HOMFLY polynomial of torus knots in this lens
space.5 It has also been shown in [28,29] that for toric open/closed geometries, one can
perform an equivariant localization computation in the orbifold phases of the open/closed
moduli space. As an another alternative, one can employ this approach to learn about
knot invariants in lens spaces [30].
6. Concluding Remarks
In this note, we have shown how the (colored) HOMFLY polynomial of a given torus
knot is captured via the topological vertex, directly in the A-model picture. The key idea
has been the implementation of the B-model SL(2,Z) transformation of [14] into the A-
model. Using local mirror symmetry, we have demonstrated that the constructed toric
A-branes associated to torus knots are mirror-symmetric to the B-model spectral curve of
[14]. The method we have developed is naturally generalized to other toric geometries, and
this gives a handle to describe torus knots in certain three-manifolds such as lens spaces.
There are many open questions to be pursued in the future. It would be interesting
to further develop the correspondence between knots on S3 and their associated spectral
curves as proposed in [15] and as further analyzed here in section 4. In particular, it would
be desirable to understand systematically the structure of the B-model spectral curves
associated to knots on S3. We have proposed in section 4.3 a formula, which predicts
the degrees of the spectral curves associated to torus knots Kr,s according to the integers
r, s. But in order to arrive at the explicit spectral curve, it is still necessary to solve a
system of linear equations with many unknowns, which becomes a computational extensive
procedure for knot Kr,s with large integers r, s. Presumably, progress in this direction can
be achieved by better understanding all the components of the B-model spectral curves
5 As shown in [17], one can carry out the B-model computations in any corner of the moduli
space. Therefore, using the topological recursion of [16] would be another alternative.
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that emerge in the conifold degeneration limit. Clearly, it would be very interesting to
derive spectral curves associated to knots, which do not fall in the class of torus knots.
In [15] a spectral curve was derived for the figure eight knot on S3 because its HOMFLY
polynomials colored with symmetric representations are known. However, the benefit of
the B-model spectral curves would really unfold, if one directly deduces the spectral curve
from the knot on S3. Then the spectral curve of such knots could be employed to predict
HOMFLY polynomials colored with arbitrary representations. The discussed conjectured
relationship between augmentation polynomials of knots on S3 and their B-model spectral
curves promises the realization of such an approach [15,18].
Another obvious line for future research directions concerns various aspects of the
refinement. The relation between the HOMFLY polynomial associated to algebraic links
of plane curve singularities and framed stable pair invariants for a reduced curve on the
blown up conifold was recently proven in [44]. The refinement of the symmetric obstruction
theory of stable pairs by the virtual Bialynicki-Birula decomposition [45] should give a
systematic way to obtain the refined invariants.
Furthermore, it turns out that the refined topological vertex [46] computes the
Khovanov-Rozansky invariant of the unknot (and the Hopf link) colored by an arbitrary
representation [34]. In a separate line of developments, it has recently been observed that
the superpolynomial of torus knots has indeed a decomposition in terms of superpolyno-
mials of colored unknots [47]. The decomposition, however, involves a new ingredient,
namely the appearance of gamma-factors [47].6 Although one is able to compute the
gamma-factors in a recursive manner, one cannot derive them from first principles. On
the other hand, one can compute the refined open-string amplitudes associated with the
toric Lagrangian (2.5), using the refined topological vertex, and in particular, considering
the observation made in [49].7 The result is expected to reproduce the colored superpoly-
nomial of torus knots. The only subtlety in this computation is the framing factor of the
Lagrangian (2.5). Recall that in the ordinary case, the right choice of framing relies on the
gauge theory formulation of Chern-Simons theory (see section 3.2). However, in the refined
6 The gamma-factors for any torus knot K2,2p+1 (colored by totally symmetric or totally an-
tisymmetric representations) have recently been computed in closed forms in [48].
7 It has been shown in [49] that for the case of unknot and the Hopf link, the refined normalized
open-string amplitudes of the resolved conifold geometry reproduce the S-matrix elements of the
refined Chern-Simons theory [50].
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case, the framing transformation is not very well understood and furthermore, we are lack-
ing a gauge theory formulation of the refined Chern-Simons theory [50]. Nonetheless, if one
succeeds to compute the refined open-string amplitudes of the Lagrangian (2.5) with the
right framing property, one may hope to provide a better explanation for the appearance
of the gamma-factors.
It is well known that the observables of Chern-Simons gauge theory with orthogonal
gauge groups lead to Kauffman polynomial of knots and links. For torus knots, it has
been shown in [36,51] that the Kauffman polynomial of a given torus knot/link has a
decomposition in terms of the quantum dimensions of the orthogonal group. On the other
hand, the real topological vertex [52], computes the topological amplitudes of toric Calabi-
Yau geometries in the presence of D-branes and O-planes. Applying the real vertex, it
would be very interesting to derive the analog of the Rosso and Jones formula for the
Kauffman polynomial of torus knots using the new toric Lagrangian (2.5).
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Appendix A. Adams Operation
In this appendix, we provide more details on the coefficients of Adams operation. Let
G be a group and chπ be a character of G associated with the representation π of G. In
the context of group theory, it is shown that for any nonnegative integer k, g 7→ chkπ(g) ≡
chπ(g
k) is a virtual character of G.
We would now like to specialize to the case where chπ is the character of a representa-
tion π : G → GL(n,C). Let us consider the ring of symmetric polynomials in n variables
with integer coefficients and let f(x1, · · · , xn) be an element of this ring. It is then shown
that ψf (g) = f(t1, · · · , tn) where g ∈ GL(n,C) and t1, · · · , tn are eigenvalues of g is a
virtual character of GL(n,C). An operation chπ 7→ ch
k
π on the ring of virtual characters
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of G is referred as an Adams operation. This is a ring homomorphism and upon choosing
a basis for the ring of virtual characters, one has the following decomposition
chkπ =
∑
σ
ασπ,k chσ , (A.1)
where ασπ,k are the coefficients of Adams operation. These coefficients can be conveniently
computed. For the case of the unitary subgroup of GL(n,C), these coefficients can be
easily expressed in terms of the characters of the symmetric group. Having in mind the
orthogonality relations of the first and second kinds for the characters of the symmetric
group ∑
~k
1
z~k
χµ(C~k)χν(C~k) = δµ,ν , (A.2)
and ∑
ν
χν(C~k1)χν(C~k2) = z~k1δ~k1,~k2 , (A.3)
one can easily compute the coefficients of Adams operation for the unitary groups by means
of the Frobenius formula [36]
cνµ,n =
∑
|α|=|µ|
1
z~kα
χµ(C~kα)χν(C~knα) . (A.4)
These coefficients have several interesting properties. First of all, cνµ,1 = δ
ν
µ as expected.
Second, cνµ,n is nonzero only if |ν| = n|µ|. In addition, it turns out that these coefficients
enjoy the following property
∑
ν c
ν
µ,n c
λ
ν,m = c
λ
µ,nm∑
ν
cνµ,n c
λ
ν,m =
∑
ν
( ∑
|α|=|µ|
1
z~kα
χµ(C~kα)χν(C~knα)
)( ∑
|β|=|ν|
1
z~kβ
χν(C~kβ )χλ(C~kmβ )
)
=
∑
|α|=|µ|
∑
|β|=n|µ|
1
z~kαz~kβ
χµ(C~kα)χλ(C~kmβ )
∑
ν
χν(C~knα)χν(C~kβ )
=
∑
|α|=|µ|
1
z~kα
χµ(C~kα)χλ(C~knmα) = c
λ
µ,nm .
(A.5)
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Appendix B. Spectral Curve of the Torus Knot K3,5
The spectral curve H3,5 associated to the torus knot K3,5 reads:
H3,5(α, β;Q) =
(
1−Qβ
)
− β5
(
2− β −Qβ + β2 − 2Qβ2 +Q2β2 − 7β3 + 14Qβ3
− 7Q2β3 + 6Qβ4 − 9Q2β4 + 3Q3β4 −Q2β5 + 4Q3β5 − 3Q4β5
− 5Q3β6 + 5Q4β6 + 3Q4β7 − 3Q5β7 − 3Q5β8 + 3Q6β8 +Q7β10
−Q8β11
)
α+ β10
(
1− β − 3β3 + 6Qβ3 − 3Q2β3 + 5β4 − 4Qβ4
−Q2β4 − 6β5 + 17Qβ5 − 13Q2β5 + 21β6 − 70Qβ6 + 69Q2β6
− 21Q3β6 + 3Q4β6 − 15Qβ7 + 38Q2β7 − 25Q3β7 + 2Q4β7
+ 5Q2β8 − 19Q3β8 + 14Q4β8 + 18Q3β9 − 34Q4β9 + 17Q5β9
−Q6β9 − 9Q4β10 + 11Q5β10 + 5Q5β11 − 7Q6β11 + 3Q6β12
− 3Q7β12
)
α2 − β19
(
3− 3Q+ 3β − 7Qβ − 8β2 + 12Qβ2 − 10β3
+ 22Qβ3 − 11Q2β3 −Q3β3 + 15β4 − 48Qβ4 + 42Q2β4 − 9Q3β4
− 35β5 + 140Qβ5 − 172Q2β5 + 67Q3β5 + 20Qβ6 − 62Q2β6
+ 52Q3β6 − 12Q4β6 + 3Q5β6 − 10Q2β7 + 32Q3β7 − 23Q4β7
− 22Q3β8 + 47Q4β8 − 25Q5β8 + 9Q4β9 − 15Q5β9 + 6Q6β9
− 2Q6β11 + 2Q7β12
)
α3 − β25
(
2− 2β + 9β3 − 15Qβ3 + 6Q2β3
− 22β4 + 47Qβ4 − 25Q2β4 − 10β5 + 32Qβ5 − 23Q2β5 + 20β6
− 62Qβ6 + 52Q2β6 − 12Q3β6 + 3Q4β6 − 35β7 + 140Qβ7
− 172Q2β7 + 67Q3β7 + 15Qβ8 − 48Q2β8 + 42Q3β8 − 9Q4β8
− 10Q2β9 + 22Q3β9 − 11Q4β9 −Q5β9 − 8Q3β10 + 12Q4β10
+ 3Q4β11 − 7Q5β11 + 3Q5β12 − 3Q6β12
)
α4 + β34
(
3− 3Q+ 5β
− 7Qβ − 9β2 + 11Qβ2 + 18β3 − 34Qβ3 + 17Q2β3 −Q3β3 + 5β4
− 19Qβ4 + 14Q2β4 − 15β5 + 38Qβ5 − 25Q2β5 + 2Q3β5 + 21β6
− 70Qβ6 + 69Q2β6 − 21Q3β6 + 3Q4β6 − 6Qβ7 + 17Q2β7
− 13Q3β7 + 5Q2β8 − 4Q3β8 −Q4β8 − 3Q3β9 + 6Q4β9 − 3Q5β9
−Q5β11 +Q6β12
)
α5 + β40
(
1− β + 3β3 − 3Qβ3 − 3β4 + 3Qβ4
+ 5β5 − 5Qβ5 + β6 − 4Qβ6 + 3Q2β6 − 6β7 + 9Qβ7 − 3Q2β7
+ 7β8 − 14Qβ8 + 7Q2β8 −Qβ9 + 2Q2β9 −Q3β9 +Q2β10
+Q3β10 − 2Q3β11
)
α6 − β55(1− β)α7 .
(B.1)
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